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An eight-band k�p theory that does not suffer from the spurious solution problem is
demonstrated. It is applied to studying the electronic properties of InP and InAs
free-standing nanowires. Band gaps and effective masses are reported as a function of
size, shape, and orientation of the nanowires. We compare our results with
experimental work and with other calculations.

I. INTRODUCTION

In the last few years there has been a resurgence of
interest in quantum wires, or nanowires as they are now
more commonly called. Those with shorter longitudinal
(transverse) aspect ratios are known as quantum rods or
nanorods (nanoribbons).

The interest is in part driven by new bottom-up growth
methods such as laser-assisted catalytic growth1,2 and
colloidal synthesis,3,4 and by the demonstration of lasing
in ZnO,5 GaN,6 and CdS nanowires.7 The nanowires are
now mostly of the free-standing type; typical dimensions
are tens of nanometers in lateral linear size and microns
in length, although nanowires as small as 3 nm in lateral
size have been reported.1,2 In addition to the cubic semi-
conductors, nanowires of wirtzite structure have been
synthesized. For the most part, they can be assumed to
have low defect concentrations and close to bulk crystal
structure, although there have been a few reports of
strained nanowires.8 As expected, a number of studies
have already been made. Experimentally, examples are
polarized photoluminescence9,10 and Raman scattering.11

Surprisingly, the nature of the valence-band states and
the calculation of the band gap is still a disputed problem.
There were early calculations of the band structures of
embedded nanowires using the k�p method. In 1989, Ci-
trin and Chang12 applied the six-band Luttinger-Kohn
k�p to rectangular GaAs/Al0.2Ga0.8As nanowires. One re-
sult of the latter is that a crossing behavior of the first two
valence states in a square quantum wire (because of �6

and �7 symmetries of C4�) becomes anti-crossing in a

rectangular quantum wire (because of all states being �5

of C2�). Another result is the mixing of heavy-hole (HH)
and light-hole (LH) states even at k � 0. Typical cross-
sections were 10 × 10 nm. Sercel and Vahala13–15 studied
cylindrical GaAs/Al0.3Ga0.7As nanowires with infinite
and finite barriers by using a four-band model within
the axial approximation. They went down to 1 nm radius
in their calculations, although one might question the
applicability of k�p at that point. In kz-space, their re-
sults for the R � 2.5- and 5.0-nm nanowires show that
the Fz � 1/2 state is the lowest in energy at kz � 0, but
the Fz � 3/2 is lower at finite kz; this is, in fact, the
crossing reported by Citrin and Chang.12 A number of
other articles have now been published in this vein.

More recent calculations for free-standing zinc-blende
nanowires are less common. There have been calcula-
tions of nanowire band structures using the empirical
tight-binding method.16–18 There are also a few ab initio
calculations now reported for InP nanowires,19,20 though
only for the bandgap and not for the whole band struc-
ture. The first multiband k�p calculation that we are
aware of is one of ours21 where we introduced the Burt-
Foreman Hamiltonian for nanowire calculations. There
has also appeared an eight-band k�p calculation22 that
will be discussed later in the article.

In this article we extend our earlier theory by imple-
menting the full eight-band k�p theory. One reason for
doing so is that interband optical calculations will incor-
porate full band-mixing effects.23 In addition, this is nec-
essary for materials with small gaps; e.g., an InAs/InP
nanowire heterostructure has been made recently.24

We have three main objectives. One is to report a full
eight-band calculation without making the spherical ap-
proximation (as was done by Maslov and Ning22); this is
necessary to get an accurate picture of the orbital nature
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of the valence states. We also note that we used the
Burt-Foreman Hamiltonian instead of the Luttinger-
Kohn Hamiltonian used by Maslov and Ning,22 and also
that the latter studied [001] nanowires, whereas the ex-
perimentally grown ones are along [111]. For a study of
the differences between results obtained with the Lut-
tinger-Kohn and the Burt-Foreman Hamiltonian for
nanowires consult Lassen et al.,21 and for quantum well
structures, see Meney et al.25 Meney et al.,25 also com-
pare models using different numbers of bands. Another
objective is to compare the band gap of InP nanowires
with experimental data10 and other calculations.19,20,22 In
addition, we report on the electron effective mass
dependence on size, as this has not been studied in other
articles. Finally, we look briefly into the issue of whether
a cylindrical cross-section is an accurate representation
of the more appropriate hexagonal one.

II. THEORY

The eight-band k�p theory that we used is based on the
exact envelope function theory derived by Burt,26 the
so-called Burt-Foreman Hamiltonian. With respect to the
basis � � {| S ↑〉, | X ↑〉, | Y ↑〉, | Z ↑〉, | S ↓〉, | X ↓〉, |
Y ↓〉, | Z ↓〉}, this theory gives rise to the following
Hamiltonian

H8 = �H4 0
0 H4

� + HSO + Hdiag , (1)

where HSO is the spin-orbit contribution [HSO,ij � (h– 2/
4m2c2) 〈i | (� × �V)�k� | j〉] k� � i�, � is the Pauli spin
matrices, V is the crystal potential, m is the free electron
mass, c is the speed of light, and h- is Planck’s constant/
2�], Hdiag is the diagonal matrix with band-edge energies
as entries (Hdiag,ii � 〈i | (h– 2/2m)k�2 + V | i〉), and

In terms of the � parameters and the Kane energy, Ep, the
various parameters are given by

L = h– 2

2m
��1 + 4�2� , (3)

M = h– 2

2m
��1 − 2�2� , (4)

N1 = −3
h– 2

2m
��3 + 	� , (5)

N2 = −3
h– 2

2m
��3 + 	� , (6)

P = �2m

h-2
Ep , (7)

where

	 ≈
1

3
�3�3 + 2�2 − �1 − 1� . (8)

Note that the 	 parameter appears because we use the
exact envelope function approach (see Ref. 27). The �
parameters and A can be found from the Luttinger pa-
rameters, �L, the Kane energy, Ep, the band gap, Eg, the
spin-orbit splitting, 
SO, and the conduction band effec-
tive mass, mc, according to

Ep =
2

m
| �S |px |X� |2 , (9)

�l
L = �1 +

Ep

3Eg
, (10)

H4 =�
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�k� i�P

0
0
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0
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�k�

−ik�t�P

0
0
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�k� k�t� 0 N1 0
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�k� k�t� 0 0 N1
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−ik�t� 0
P

0
� k�t� 0 N2 0
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�k� k�t�0 0 0
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�2
L = �2 +

Ep

6Eg
, (11)

�3
L = �3 +

Ep

6Eg
, (12)

h– 2

2mc
= A + h– 2

2m �2Ep

3Eg
+

Ep

3�Eg + 
SO�� . (13)

Nanowires have a periodic crystal structure in the wire
direction, and in k�p theory, this results in a translational
symmetry along the wire. We can use this symmetry to
reduce the problem to a two-dimensional problem by
writing the eight-band Hamiltonian [Eq. (1)] with respect
to coordinates where one axis (e.g., the x�3-axis) is along
the wire direction. We can then separate the envelope
function into a part that describes the behavior along the
wire and a part that describes the behavior perpendicular
to the wire direction, i.e., F(x�1, x�2, x�3) � eikx �3 x �3 F(x�1, x�2),
where x�1, x�2, and x�3 are the new coordinates, kx�3

is a
constant, and F is a vector of size 8 consisting of the
individual envelope functions. The rotation matrix U that
rotates the x3 axes onto the x�3 axes is given by

x�i�Uijxj, k�i = Uijkj , (14)

where

U��,�� = �cos��� cos��� sin��� cos��� −sin���

−sin��� cos��� 0
cos��� sin��� sin��� sin��� cos���

� .

(15)

The angles � and � are the conventional angles of rota-
tion shown in Fig. 1. Given a nanowire oriented in a
certain direction, we need to determine these angles so
that the x�3 axis is parallel to the direction of the nanowire,

e.g., if the nanowire is oriented in the [110] direction, we
find that � � �/2 and � � �/4.

To write everything with respect to the new coordinate
system, we introduce the transformation that gives the
rotated basis set �� � {| S� ↑�〉, | X� ↑�〉, | Y� ↑�〉, | Z� ↑�〉,
| S� ↓�〉, | X� ↓�〉, | Y� ↓�〉, | Z� ↓�〉} in terms of the old basis
set �

�� = W� ; (16)

W = AÛ , (17)

where

Û��,�� = �
1 0�1,3� 0 0�1,3�

0�1,3� U��,�� 0�3,1� 0�3,3�

0 0�1,3� 1 0�1,3�

0�3,1� 0�3,3� 0�3,1� U��,��
� ,

(18)

[0(n,m) is the n × m zero matrix] and

A = � e−i
�

2 cos��

2�I4 ei
�

2 sin��

2�I4

−e−i
�

2 sin��

2�I4 ei
�

2 cos��

2�I4
� .

(19)

Here I4 is the 4 × 4 identity matrix. The transformation W
is compsed of the rotation of the | S〉, | X〉, | Y〉, | Z〉 states
(given by Û) and the rotation of the spin (given by A; see
Ref. 28).

The transformed eight-band Hamiltonian is then given by

Ĥ8 = W*� H�4 0(4,4)

0(4,4) H�4
� Wt + HSO + Hdiag ,

(20)

where H�4 is H4 written in terms of k�� � Utk�, e.g., the
element in the first row and first column is given by

�H�4�11 = k��tU �
A 0 0

0 A 0

0 0 A
� Utk�� , (21)

and the other elements are given similarly. In Eq. (20) we
have also used that HSO + Hdiag is invariant with respect
to W. Next, we introduce a basis set that diagnolizes the
spin-orbit coupling HSO

u1�2,1�2
c = |S� ↑�� ,

u1�2,−1�2
c = |S� ↓�� ,

u3�2,3�2
� =

1

�2
� |X� ↑�� + i |Y� ↑��� ,

FIG. 1. The angles appearing in the rotation matrix U.
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u3�2,1�2
� =

1

�6
� |X� ↓�� + i |Y� ↓�� −2 |Z� ↑��� ,

u3�2,−1�2
� =

1

�6
�−|X� ↑�� + i |Y� ↑�� −2 |Z� ↓��� ,

u3�2,−3�2
� =

1

�2
� |X� ↓�� + i |Y� ↓��� ,

u1�2,1�2
� =

1

�3
� |X� ↓�� + i |Y� ↓�� +|Z� ↑��� ,

u1�2,−1�2
� =

1

�3
�−|X� ↑�� + i |Y� ↑�� +|Z� ↓��� .

The eight-band Hamiltonian finally becomes

H̃8 = S*W* � H�4 0�4,4�

0�4,4� H�4
� WtSt

+ �
EcI2 0�2,4� 0�2,2�

0�4,2� E�I4 0�4,2�

0�2,2� 0�2,4� �E� − 
SO�I2
� , (22)

where I2 and I4 are the 2 × 2 and 4 × 4 identity matrices,
respectively, Ec is the conduction band edge, E� is the
valence-band edge, and

III. RESULTS

We have implemented the above eight-band Hamilto-
nian [Eq. (22)] for free-standing nanowires using a plane-
wave expansion inside the first Brillouin zone. We only

include plane waves inside the first Brillouin zone as this
is demanded by the exact envelope function theory.26

Also, this ensures that we do not have problems with
oscillatory spurious solutions.29 To model free-standing
structures, we chose a large confining potential outside
the structure (positive for electron and negative for hole),
the free-electron mass as the effective mass for electrons,
and minus the free electron mass as effective mass for the
holes. Note that the eight coupled equations [the eigen-
value problem using the eight-band Hamiltonian of
Eq. (20)] should be written formally in Fourier space and
not in real space, as the differential equations suggest that
interface boundary conditions are needed and this is in-
compatible with the requirement that the plan-wave ex-
pansion is restricted to the first Brillouin zone. The ma-
terial parameters are taken from the article by Vurgaft-
man et al.30

In this section, we apply the Hamiltonian equa-
tion [Eq. (22)] applicable to (infinite) nanowires grown
along an arbitrary direction to determine dispersion
curves, effective band gaps, and effective masses at
k � 0. Results are shown for InP and InAs nano-
wires grown along the three directions: [111], [110],
and [001]. In all cases computed, we assume that elec-
trons and holes are almost completely confined to the
nanowire (the barrier potential is set to 6 eV such that

the wave functions decay strongly outside of the cylin-
drical surface). This is consistent with the ab initio re-
sults of Schmidt et al.20 Particular attention is given to
the case with circular and hexagonal nanowire cross-
sections.

S =





1 0 0 0 0 0 0 0

0 0 0 0 1 0 0 0

0
1

�2

1

�2
i 0 0 0 0 0

0 0 0 −
�2

�3
0

1

�6

1

�6
i 0

0 −
1

�6

1

�6
i 0 0 0 0 −

�2

�3

0 0 0 0 0
1

�2
−

1

�2
i 0

0 0 0
1

�3
0

1

�3

1

�3
i 0

0 −
1

�3

1

�3
i 0 0 0 0

1

�3






. . (23)
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In Fig. 2, valence-state dispersion curves for the three
directions, [111], [110], and [001], and shown in the (a),
(b), and (c) subplots, respectively, corresponding to a InP
nanowire with a 50 Å wire diameter. Clearly, band mix-
ing is important, e.g., significant band repulsion takes
place at k values close to 0.02 Å−1. There is a question as
to whether the level crossing reported by Maslov and
Ning22 using a [001] nanowire and the spherical ap-
proximation would relat to the correct growth direction
([111]) and theoretical model (no spherical approxima-
tion); our calculations show that the crossing is in fact
preserved. However, we do find an anti-crossing for
[110] growth.

The asterisk and solid lines in Fig. 2 correspond to an
8 × 8 (in the valence p and conduction s states) and a
6 × 6 (in the valence p states) matrix calculation, respec-
tively. Note that the upper part of the valence band struc-
ture close to k � 0 is almost unaffected by incorporating
the conduction-band states among the interesting states.
This is reasonable as one would expect limited coupling
between conduction s states and valence p band states
because InP is a large-bandgap material. The most pro-
nounced influence of the conduction s state is observable
for large k values. Note also more pronounced differ-
ences between an 8 × 8 band-structure calculation and a
6 × 6 band-structure calculation in the dispersion curves
for the more highly excited valence-band states. Finally,
the nature of the highest k � 0 state is about 90% |3⁄2 1⁄2〉-
like.

In Fig. 3, we plot the effective band gap of InP nano-
wire structures, defined as the energy difference between
the lowest conduction subband and the topmost valence
subband at k � 0, as a function of nanowire diameter in
the range of 50–500 Å. The curves show the dependen-
cies on the growth directions. Evidently, the energy dif-
ference changes rapidly for small nanowire radii (below

FIG. 2. Band structure of cylindrical InP nanowires of radius 25 Å for
three different directions: (a) [111], (b) [110], and (c) [001]. The
asterisk and solid line correspond to an 8 × 8 and 6 × 6 matrix
calculation, respectively.

FIG. 3. Diameter dependence of band gap for cylindrical InP nano-
wires.
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approximately 100 Å) while approaching the bulk
bandgap of 1.42 eV at large nanowire radii. A similar
tendency in effective bandgap dependence on nanowire
radius is observed for the three cases of nanowire growth
directions.

In Fig. 4, conduction-band effective masses of InP
nanowire structures are depicted as a function of the
nanowire diameter in the range of 50–500 Å. A one-band
calculation with an infinite barrier would give a con-
stant effective mass. It can be observed clearly that the
conduction-band states couple, although not strongly, to
the valence-band states as expected. Our results show
that the effective mass changes from the bulk value of
approximately 0.08m0 to approximately 0.11m0 as the
diameter decreases from 500 to 50 Å. The size depend-
ence of the effective mass had previously been reported
for quantum wells.31

In Table I, we give curve-fit parameters for the effec-
tive bandgap and the conduction-band effective mass
(obtained from the computed results) for InP nanowires
oriented along the three cases of growth directions. The
parameters are obtained by fitting to the expressions

mc = a + b�d−n

Eg
eff = ag + bg�d−ng. (24)

The bandgaps agree well with the experimental data at
T � 7K of Gudiksen and coworkers10 except for an
almost constant shift of about 20 meV (experimental
gaps being smaller), which can be explained as the ex-
citonic binding energy. Our result for the band-gap varia-
tion differs substantially from the one-band result of
ng � 2. Note that the two ab initio calculations reported
are ng � 220 and ng � 1.16–1.36.19 Thus, more expe-
rimental data might be needed to establish the correct
scaling.

In Fig. 5, valence-band effective masses of InP nano-
wire structures are shown as a function of the nanowire
diameter between 50 and 160 Å. Here, a large anistropy
is observed. We see that the valence-band effective
masses in the [110] and [111] directions are much lighter
than the effective masses in the [001] direction. This is
rather surprising, as the highest valence-band state at k �
0 is predominantly light-hole like, i.e., |3⁄2 ± 1⁄2〉-like, in
the three directions, and the bulk light hole masses are
0.121m, 0.055m, and 0.108m for [001], [110], and [111],
respectively. This clearly shows that the effective mass
of a nanowire is not governed by bulk properties, i.e.,
whether the wave function is mostly heavy hole-like or
light hole-like. Note that the valence-band effective
masses are only shown up to a nanowire diameter of 160
Å. The reason for this is that for larger diameters, the
distance between sub-bands is so small that valence-band
effective masses are not clearly resolved. To illustrate the
problem, in Fig. 6, we plot the dispersion curves for a
300 Å InAs nanowire (InAs has been chosen because the
problem is most pronounced for this choice of material).
For large radii, however, it is again possible to find the
effective mass. In Table II, we list the bulk valence-band
effective masses together with the effective masses for
nanowires with a 500 and 1000 Å diameter. Here, we see
that the valence-band effective masses approach the bulk
value as the diameter is increased.

FIG. 4. Diameter dependence of electron effective mass for cylindri-
cal InP nanowires.

TABLE I. Curve-fit parameters for the band gap and conduction ef-
fective mass of InP nanowires.

a b n ag bg ng

[001] 0.0795 34.7 1.75 1.424 389 1.77
[110] 0.0795 22.8 1.71 1.424 348 1.75
[111] 0.0795 19.3 1.70 1.424 333 1.75

FIG. 5 Diameter dependence of valence-band effective mass for cy-
lindrical InP nanowires.
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In Fig. 7, a plot of the upper valence-band structure is
shown as a function of k value for a [111]-grown InP
nanowire structure in cases with a circular (diameter
equal to 100 Å) and hexagonal nanowire cross-section.
The distance between opposite sides (equal to 97.75 Å)
in the hexagonal is fixed such that the lowest subband
energy at k � 0 coincides with the lowest subband en-
ergy of the corresponding circular-shaped nanowire. Evi-
dently, the shape and crossing behavior of the various
subbands is more or less independent of the cross-

FIG. 6. Dispersion curves for a 300 Å diameter InAs nanowire.

TABLE II. Curve-fit parameters for the band gap and conduction
effective mass of InAs nanowires.

a b n ag bg ng

[001] 0.026 28.1 1.54 0.417 164 1.47
[110] 0.026 16.2 1.46 0.417 138 1.44
[111] 0.026 13.7 1.43 0.417 141 1.45

FIG. 7. Comparison of band structure for [111] cylindrical (solid
lines) and hexagonal (dashed lines) InP nanowires.

FIG. 8. Band structure of cylindrical InAs nanowires with a radius of
25 Å for three different directions: (a) [111], (b) [110], and (c) [001].
The asterisk and solid line correspond to an 8 × 8 and 6 × 6 matrix
calculation, respectively.
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sectional shape. We attribute this to the very close sym-
metry between the hexagonal and circular cross-sections
in the (111) plane. In addition, we found that the differ-
ence between absolute sub-band energy values is less
than 0.02 eV for the k range: 0–0.11 Å−1. Hence, it is
appropriate to model [111] nanowires using a circular
cross-section.

To give an example of a material where it is more
important to use the 8 × 8 model, we show the results for
InAs nanowires. To facilitate a comparison between InAs
and InP nanowires, we have included the same figures
for InAs as for InP, although we will only briefly com-
ment on the InAs results. In Fig. 8, dispersion curves are
shown for InAs nanowires with a diameter of 50 Å ori-
ented in the [111], [110], and [001] directions (a), (b),
and (c). Here, we see that there is a much larger discrep-
ancy between the results of 8 × 8 (asterisk lines) and 6 ×
6 (solid lines) matrix calculations. Even at k � 0, we see
a difference of up to 20 meV. The reason for this is that
InAs is a narrow band gap material (0.417 eV band gap),
and because of this, the conduction band and the valence
band cannot be solved separately. In Fig. 9, the band gap,
and in Fig. 10, the conduction-band effective masses are
shown as functions of the nanowire diameter. As was the
case for InP, there is not much difference between the
three directions. In Table III, we give the curve-fit pa-
rameters, where, again, the band gap and the conduction-
band effective masses have been fitted according to the
expressions in Eq. (24). In Fig. 11, we show the valence-
band effective masses as a function of the nanowire
diameter. Here, we see that for small nanowires, there is
no large difference between the effective masses in the
three directions. However, as the diameter is increased,
the effective mass in the [001] direction grows at a much
faster rate than the effective mass in the [110] and the
[111] directions, resulting in an increased anisotropy.

IV. CONCLUSIONS

Dispersion curves, effective bandgaps, and effective
masses are computed for free-standing InP and InAs
nanowire structures as a function of orientation, shape,
and size based on an 8 × 8 Hamiltonian description

FIG. 9. Diameter dependence of band gap for cylindrical InAs nano-
wires.

FIG. 10. Diameter dependence of conduction-band effective mass for
cylindrical InAs nanowires.

TABLE III. Valence-band effective masses for InP and InAs nano-
wires with 500 and 1000 Å diameters.

[001]
InP

[110]
InP

[111]
InP

[001]
InAs

[110]
InAs

[111]
InAs

500 Å 0.6681 1.0153 1.1839 0.4073 0.5876 0.6749
1000 Å 0.5812 0.9513 1.1522 0.3508 0.5333 0.6380
Bulk value 0.5319 0.8850 1.1364 0.3333 0.5128 0.6250

To compare, the bulk values are also given. (The bulk values have been
taken from Vurgaftman et al.30)

FIG. 11. Diameter dependence of valence-band effective mass for
cylindrical InAs nanowires.
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where spurious-state problems are circumvented (by in-
clusion of first Brillouin-zone plane-wave contributions
to the envelope functions only). Our Hamiltonian and
method for eliminating spurious solutions are more fun-
damentally sound than those of Maslov and Ning.22

There are differences in the bandgaps and effective
masses when comparing results for [001], [110], and
[111] directions. A comparison between an 8 × 8 and an
6 × 6 Hamiltonian analyses shows that discrepancies in
the valence band are most pronounced for nanowires
grown along the [001] direction. Even though InP is a
large bandgap material, we found that the conduction
mass can be significantly enhanced over the bulk value
for small nanowires, and for InAs, this was even more
pronounced. For InAs, we also found that there were
significant differences between 8 × 8 and 6 × 6 models,
even at k � 0. Hence, we conclude that an eight-band
model is essential, particularly for small nanostructures.
Finally, our calculated size dependence of the bandgap of
[111] nanowires is consistent with the experimental data
of Gudiksen and coworkers,10 but not with other calcu-
lations.
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