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Abstract
In this paper we develop a kinetic model for the analysis of semiconductor superlattices,
accounting for quantum effects. The model consists of a Boltzmann–Poisson type system of
equations with simplified Bhatnagar–Gross–Krook collisions, obtained from the general
time-dependent Schrödinger–Poisson model using Wigner functions. This system for
superlattice transport is supplemented by the quantum mechanical part of the model based on
the Ben-Daniel–Duke form of the Schrödinger equation for a cylindrical superlattice of finite
radius. The resulting energy spectrum is used to characterize the Fermi–Dirac distribution that
appears in the Bhatnagar–Gross–Krook collision, thereby coupling the quantum mechanical
and kinetic parts of the model. The kinetic model uses the dispersion relation obtained by the
generalized Kronig–Penney method, and allows us to estimate radii of quantum wire
superlattices that have the same miniband widths as in experiments. It also allows us to
determine more accurately the time-dependent characteristics of superlattices, in particular
their current density. Results, for several experimentally grown superlattices, are discussed in
the context of self-sustained coherent oscillations of the current density which are important in
an increasing range of current and potential applications.
(Some figures may appear in colour only in the online journal)

1. Introduction

these low-dimensional nanostructures such that the quantum
mechanical information is coupled to semiclassical models
of the kinetic type. Both strongly coupled (when barriers
are narrow) and weakly coupled (when barriers are wide)
superlattices are of practical interest and the methodology
developed in this work can be applied to both situations.
First we recall that for low electric fields the charge
transport in doped SSLs can usually be described by
semiclassical models for the motion of electrons in the lowest
energy miniband, which is the only populated one (e.g., [11]).
If 1 is the miniband width, 0 is the scattering width, eF the
force due to the electric field (−e < 0 is the charge of the
electron) and l the superlattice period, then this semiclassical

Semiconductor superlattices (SSLs) can be produced by
various techniques, among which sputtering and molecularbeam epitaxy remain the most common. Applications of SSLs
include, but are not limited to, various nanolasers [1, 2],
frequency generators and detectors [3–5], thermoelectricsbased nanostructures [6, 7], as well as a wide range of
different optoelectronic devices [8–10].
Our main interests here lie with the III–V compound
GaAs/AlAs SSLs, as it is well known that the difference
in lattice constants between these materials is small and no
residual stresses and strain appear. More precisely, we are
interested in an adequate description of electronic transport in
0953-8984/13/335301+10$33.00
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approach is considered to be a reasonable approximation if
1  0,

1  eFl,

guideline for further theoretical progress and applications in
the area [3, 23]. Whenever required, extensions to multiple
minibands can be developed based on the Wigner function
description and the k · p theory (e.g., [24–27]). While
semiclassical models continue to play an important role in
these studies, the importance of the quantum mechanical
part in the analysis of miniband structures of periodic
superlattices was emphasized already 20 years ago (e.g., [28]
and references therein). Today, the interest in the development
of methods capable of combining quantum mechanical and
semiclassical models is fueled by both open fundamental
questions and practical applications (e.g., [29] and references
therein).
Early developments were limited to quantum corrections
of semiclassical models constructed on the basis of relaxationtime approximations [30–32]. Currently such models span
the entire hierarchy of relaxation-time approximations,
from quantum drift-diffusion models [33], to various types
of hydrodynamic models [34], and to quantum-kinetic
models [15]. Rigorous reduction procedures between such
models have also been derived. For example, starting from
the semiclassical Boltzmann–Poisson models we can arrive
at various types of hydrodynamic models, as well as nonlocal
drift-diffusion equations [34, 35].
In what follows, we are interested in the kinetic type
models in this hierarchy, in particular in the Wigner–Poisson
(WP) model. The latter is a relaxation-time model which
is equivalent to the von Neumann–Poisson (or quantum
Liouville–Poisson) model for the time evolution of the density
matrix and describing open quantum mechanical systems
with relaxation mechanisms [36]. We use the WP model
and its semiclassical limit, the Boltzmann–Poisson model,
to describe transport in a nanowire superlattice (NWSL).
The collision model has a 1D elastic impurity collision
term as in [30] and a relaxation-time term with a local
equilibrium distribution having the same electron density
as the actual distribution function (in our case, the local
distribution function is Fermi–Dirac, not Boltzmann-type as
in [31]). With respect to the usual multi-quantum well SSL
having a very large cross section, the NWSL has cylindrical
cross section with small radius. The dispersion relation is
parabolic with respect to a quantized transversal wave vector,
thus changing the local equilibrium distribution function.
The advantage of the collision model we use compared
to the usual integral terms in the Boltzmann equation is
its simplicity, which renders the kinetic equation amenable
to perturbation calculations such as the Chapman–Enskog
procedure [15] and computationally cheaper to solve. In our
model, the two collision frequencies (or reciprocal collision
times) are assumed to be constant for simplicity. They can
be selected by comparing the field and the velocity at
the maximum of the drift velocity versus field curve with
data obtained from numerical solutions of the Boltzmann
equation, the nonequilibrium Green function theory [11] or
experiments [37] (see also calculations of scattering times in
the case of a weakly coupled SSL in [38]). This calibration
is easy if there is an analytical expression for the drift
velocity [31], which, in turn, is used in a simple drift-diffusion

(1)

although comparisons with experiments frequently suggest
that further corrections of semiclassical models may be
necessary even in such situations. In the meantime, a direct
comparison of the results from semiclassical models with the
full quantum transport models, based on the nonequilibrium
Green–Keldysh [11–13], Wigner functions [14, 15] or
other approaches, remains a highly non-trivial (and partly
elusive) task, from both fundamental and computational
points of view. Furthermore including quantum mechanical
information in semiclassical models becomes absolutely
essential when condition (1) is violated. Therefore, in order
to be able to describe the entire spectrum of the above
situations, it is most natural to seek an efficient methodology
for combining the quantum mechanical and semiclassical
models.
One of our motivations here has been stimulated by
the expanding areas of applications of coherent oscillations
and localization phenomena. Indeed, the development of
excitation of semiconductors is closely related to the
field of coherent control of quantum dynamics (e.g., [16]
and references therein). Different patterns of coherent
oscillations of electrons provide a rich source of phenomena
with far-reaching practical consequences. Examples of
such oscillations in SSLs include both low-frequency
oscillations (such as Gunn oscillations [17–19]) and highfrequency oscillations (such as Bloch oscillations [2]). Special
conditions must exist in order to observe the latter class
of oscillations. One of them is long scattering times, and
SSLs are excellent candidates to satisfy this condition due
to the fact that scattering is highly suppressed because of
the spatial confinement, leading to a longer decoherence
time. Low-dimensional nanostructures such as nanowire
superlattices can provide a further advantage due to their lack
of traverse excitations (present in quantum well superlattices),
which eliminate this source of damping. Another interesting
example of this type is quantum-dot superlattices, which
have recently been studied in [20] for high (dc) electric
fields. These objects are difficult to study, as coherent
oscillations compete with dynamic localization under the
influence of electric and/or magnetic fields. Other types
of conditions that are usually required are special laws of
collisions (e.g., inelastic collisions are often assumed in such
studies). The benefits are well known and include gain at
very high frequencies (THz) [8], as well as resonance peaks
in the absorption coefficients. Recent studies demonstrated
a series of important advantages in other types of Bloch
oscillations, such as magnetic [21] and surface acoustic Bloch
oscillations [22].
In this work, our quantum mechanical/semiclassical
approach in studying coherent oscillations and other transport
phenomena in low-dimensional nanostructures, focusing on
SSLs, will be exemplified for one-miniband SSLs. Miniband
structures of SSLs have been studied extensively since the
works of Esaki and Tsu on transport in these structures,
and experimental results have frequently provided a good
2
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spanned by the eigenvectors associated with λm . Charge
transport in a SSL is more complicated as one needs to include
also the periodic potential which gives rise to the electron
minibands and a scattering potential, phonon–electron
interactions, etc. Once the electronic structure is considered,
the quantum (WP) kinetic model may be derived from the
band SP system by using the Wigner function in the form:
Z
wµ,ν (x, k, t) = ρµ,ν (x + 12 ξ, x − 21 ξ, t)eik·ξ dξ, (6)

model as in [37]. For our model of the NWSL, we have not
found such an expression and therefore we would require
numerical computations to select optimal values of the
collision frequencies. Here we adopt indicative values for
the collision frequencies similar to those used in experiments
with SSL having large cross sections [37]. The rest of the
paper is as follows. In section 2, we provide details of the
kinetic part of the model. Starting from the time-dependent
Schrödinger–Poisson (TDSP) model we highlight how it can
be reduced to the WP equations or the Boltzmann–Poisson
type system for carrier transport in the lowest miniband of
a SSL. We discuss the main advantages of this approach.
In section 3, we give details of the quantum mechanical
part of the model and the mechanism of its coupling to the
kinetic part via the Fermi–Dirac distribution. In this section
we also discuss dispersion relations for three representative
experimentally grown examples of SSLs. In section 4, we
discuss the results obtained with the developed model and
compare them with those obtained with conventional models.
The differences are highlighted for oscillation frequencies and
amplitudes of the total current density. Conclusions are given
in section 5.

where the band density matrix, for minibands µ and ν, is
defined by
ρµ,ν (x, y, t) = h9µ† (x, t)9ν (y, t)i.
(7)
P
To find an equation for w(x, k, t) = µ,ν wµ,ν (x, k, t),
we assume that only the first miniband is populated and that
there are no transitions between minibands, i.e. w(x, k, t) ≈
w1,1 (x, k, t). Then, we obtain the following evolution
equation for the periodic Wigner function f = w(x, k, t) [15]:
∞
∂
h̄k⊥
∂
i X
f+ ∗ ·
f+
eimkl E1m (k⊥ )[f (x
∂t
m
∂x⊥
h̄ m=−∞

+ ml/2, x⊥ , k, t) − f (x − ml/2, x⊥ , k, t)]
 

1 ∂
ie
V x+
, x⊥
+
h̄
2i ∂k


1 ∂
− V x−
, x⊥ f = Q[f ],
2i ∂k

2. Schrödinger–Poisson models and the
Wigner–Poisson approach to superlattice transport
Time-dependent models, based on quantum Liouville or
Schrödinger equations, provide a unifying framework for
the description of electronic transport in low-dimensional
semiconductor nanostructures. The relationship between such
models and the Schrödinger–Poisson system, as well as the
Wigner–Poisson system, is well elucidated in the literature
(e.g., [39, 40] and references therein). The connection
between the latter two systems is also known. Indeed, under
appropriate assumptions, a mixed state system of TDSP type
is equivalent to the WP system. The well-posedness of the WP
system has also been studied extensively [41].
The simplest TDSP model describing electrons interacting through their self-consistent Hartree potential reads as
follows:
∂9
h̄2
= − 19 + V(9)9,
∂t
2m
ε1V(9) = −en,
ih̄

(8)

where f (x, k+ 2πl , k⊥ , t) = f (x, k, k⊥ , t), k = (k, k⊥ ), V is the
electric potential, Q[f ] is the collision term and l = Lb + Lw
is the SSL period of a SSL with barrier and well widths of Lb
and Lw , respectively. The energy of the first miniband is given
by:
∞
X

E1 (k) =

E1m (k⊥ ) eimkl .

m=−∞

The electric field −F = −∂W/∂x satisfies the Poisson
equation:


∂
e
∂F
+
· F⊥ = (n − ND ),
(9)
ε
∂x
∂x⊥
l

(2)

and the two-dimensional (2D) electron density is:

(3)

n(x, x⊥ , t)

where −e < 0 is the electron charge, 9 = (ψm )m∈N is
the wave function, ε is the dielectric permittivity, V is the
potential, and the electron concentration is given by
X
n(x, t) =
λm k ψm (x, t)k2 .
(4)

=

l
4π 3

Z

π/l

Z

∞

Z

∞

f (x, x⊥ , k, k⊥ , t) dk dk⊥ .

(10)

−π/l −∞ −∞

The collision term in the resulting (WP) model (8)–(9) is given
here by the approximation:

m

Here the λm are coefficients (eigenvalues) in the density
matrix representation of the system in (x, t) ∈ R3 × (0, +∞)
under consideration:
X
ρ=
λm P m ,
(5)

Q[f ] ≡ −νen (f − f FD ) − νimp

f (k) − f (−k)
,
2

(11)

where f FD is the Fermi–Dirac local equilibrium distribution
producing the same electron density as the Wigner function,
1/νen represents the inelastic collisions relaxation time and
1/νimp is the relaxation time for elastic collisions such
as impurity scattering [30], which conserve energy but

m

so that the operator ρ is assumed to be positive and
self-adjoint, while the Pm are projections onto the subspace
3
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dissipate momentum (transfer of lateral momentum due to
impurity scattering [42] is neglected in (8)–(11)). Relaxation
to a Boltzmann local equilibrium (instead of Fermi–Dirac)
produces a simplified form of the Bhatnagar–Gross–Krook
collision model, first used by Ignatov and Shashkin to describe
self-sustained oscillations in SSLs [31].
The WP model (8)–(9) can be viewed as a phasespace counterpart of the Schrödinger–Poisson systems [43],
which have also been analyzed extensively, under various
mathematical assumptions (e.g., [44, 45] and references
therein). This phase-space representation of a quantum
mechanical system has an advantage of relatively easy
comparisons with its classical counterparts.
The WP system can also be viewed as the quantum analogue of the well-known Vlasov–Poisson model, describing a
spatially inhomogeneous collisionless plasma. In this system
the acceleration term is given by a pseudo-differential operator, replacing the classical differential operator in the Boltzmann equation. In the (semi-)classical limit, the WP system is
reduced to the Vlasov–Poisson, while in the case of collisions
these systems can be generalized depending on the collision
law to, for example, the Vlasov–Poisson–Fokker–Planck and
Wigner–Poisson–Fokker–Planck in the classical and quantum
mechanical case, respectively [46]. They can serve as a basis
for deriving ‘lower order’ models in the modeling hierarchy
by using various expansion methodologies (e.g., Hilbert,
Chapman–Enskog, spherical harmonic expansions, singular
perturbation techniques, etc).
We suppose that the Wigner function does not depend on
x⊥ and define the 1D Wigner function by:
Z Z
1
f (x, k, t) =
f (x, x⊥ , k, k⊥ , t) dk⊥ dx⊥ , (12)
2π 2 S

with x ∈ [0, L] and f periodic in k with period 2π/l. Here
f , f FD , n, ND , E, l, L, −F, ε, µ, −e < 0, Jn and J are the
one-particle distribution function, the 1D local equilibrium
distribution function, the 2D electron density, the 2D doping
density, the miniband dispersion relation, the SSL period,
the SSL length, the electric field, the SSL permittivity, the
chemical potential, the electron charge, the current density
and the total current density, respectively. Both the exact and
the local equilibrium Fermi–Dirac distribution functions have
the same electron density according to (16).
This model has a number of advantages compared to
other existing models. First, it is known that, with a general
local equilibrium distribution, it is suitable for the description
of Bloch and Gunn type oscillations [34], among other
important phenomena. Second, despite the fact that the model
is quite general, it is computationally manageable to be
applied in fundamental studies and for practical applications.
At the same time, the model requires adequate approximations
of v(k) and f FD , which will be discussed in section 3.

3. Quantum mechanical part of the model
Two main characteristics entering the model (13)–(17)
account for quantum effects. They are v(k) and f FD . We start
from the group velocity, which can be determined as
v(k) =

1
[1 − cos(kl)],
(19)
2
where 1 is the first miniband width, may not always be
appropriate. Indeed, this ‘tight-binding’ approximation is
usually obtained under the assumption of a large barrier
thickness. In this case states are practically dispersionless and
uncoupled, while tunneling with respect to them can be treated
as a small perturbation. They are fully confined, leading to
a dispersion relation which is periodic with period 2π/l and
fully sinusoidal.
A more general approach to obtain the dispersion
relation, which would provide a better approximation than
(19), is to start directly from the Hamiltonian of the SSL under
consideration and solve the Schrödinger equation, given in the
Ben-Daniel–Duke form [47]:


h̄2
1
− ∇·
∇9(r) + V(r)9(r) = E9(r). (20)
2
m(r)
E(k) =

∂f
∂f
eF ∂f
+ v(k)
+
h̄ ∂k
∂t
∂x

F=

∂V
,
∂x

v(k) =

f (k) − f (−k)
,
2

1 dE
,
h̄ dk

∂ 2V
e
= (n − ND ),
2
l
∂x
Z π/l
l
n(x, t) =
f (x, k, t) dk
2π −π/l
Z π/l
l
=
f FD (k; µ(n)) dk,
2π −π/l
ε

Z
1 L
Jn (x, t) dx,
L Z0
π/l
e
Jn =
v(k) f (x, k, t) dk,
2π −π/l

(18)

The frequently used approximation to the dispersion relation

where S is the superlattice cross section. In the semiclassical
limit, the pseudo-differential operators in the left hand side
of (8) become the usual convective terms and we obtain the
following Boltzmann–Poisson system for carrier transport in
the lowest miniband of SSLs (see [34] and references therein):

= −νen (f − f FD ) − νimp

1 dE(k)
.
h̄ dk

(13)
(14)
(15)

As before, here V(r) is the potential, E is the eigenenergy of
the SSL, m(r) is the effective mass, while the wave function is
given as 9(r) = ψ(r, φ, z) = 8(φ)J(r)Z(z). The analysis of
miniband structures of SSLs with arbitrary periodic potential
profiles is only possible based on numerical methods, and
both finite element and finite difference methods can be
used for this purpose [47–49]. If a superlattice structure
has cylindrical symmetry, a computationally inexpensive
Generalized Kronig–Penney model (G.K–P approximation)

(16)

J(t) =

(17)

4
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Figure 1. Nondimensional electron density versus chemical potential for the 16 meV (a), 43 meV (b) and 72 meV (c) superlattices of
table A.2, at T = 300 K. The solid line represents that radial effects are considered in the Fermi–Dirac local equilibrium distribution. The
dashed line means that the dispersion relation is computed with the Kronig–Penney model for an infinite superlattice.

The solutions of (23) are the 1D miniband energies Eν (k, γl̃,ñ ),
ν = 1, 2, . . .. Then the energy of the first miniband of the
cylindrical NWSL is:

for such structures has been developed. Following [47], we
have two equations to be solved numerically:


d
dJ
r
r
+ (q2 r2 − l̃2 )J(r) = 0,
(21)
dr
dr


d
1 dZ(z)
dz m(z) dz


h̄2 γ 2
2 
l̃,ñ 
Z(z) = 0,
(22)
+ 2 E − V(z) −
2m(z)R20
h̄

E1 = E1 (k, γl̃,ñ ) +

f FD =

kb =

2mb (V − E)

E =E−

h̄2
h̄2 q2
,
2mw

,


kw =

2mw E

1
2

h̄2

h̄2 q2
h̄2 q2
V=V+
−
,
2mb
2mw
γl̃,ñ
.
q=
R0

(26)

1


1 + exp Ek1B−µ
T +

h̄2 γ 2

l̃,ñ
2mw R20 kB T

,

(27)

2mw R0 kB T

distribution obtained when the SSL cross section is infinite
(the common case of a quantum well SSL):



m∗ kB T
µ − E1
f FD =
ln
1
+
exp
,
(28)
kB T
π h̄2

where, as before, l = Lb + Lw , while kb , mb , V and kw , mw ,
0, are wave numbers, electron effective masses and potential
energies in the barrier and well, respectively:
2

,

where µ is the chemical potential and T is the SSL
temperature. The above Fermi–Dirac distribution function
provides coupling between the kinetic WP part of the model
(8)–(11) and its quantum mechanical part (21)–(22). The
minimum number of zeros of the Bessel function necessary
for the convergence of the series in (27) is calculated in
table A.1 as a function of the nondimensional parameter
h̄2
. We can compare (27) with the local equilibrium
2

2 m2
kb2 m2w − kw
b
sin(kw Lw ) sinh(kb Lb ), (23)
2kw kb mb mw

1

∞
2 X
πR20

l̃,ñ=0

cos kl = cos(kw Lw ) cosh(kb Lb )



l̃,ñ

2mw R20

where mw is the electron effective mass at the well.
Therefore, the Fermi–Dirac local equilibrium distribution
function becomes:

while the solution of the third, angular one, is given by
8(φ) = exp(±il̃φ). The solution of (21) is a Bessel function
of the first kind, where the quantum number q satisfies the
boundary condition J(qR0 ) = 0, with R0 being the SSL radius,
γl̃,ñ = qR0 . The solution of (22) can be dealt with using
a computationally inexpensive Generalized Kronig–Penney
model (G.K–P approximation) for the infinitely long SSL,
which leads to the solution of the following nonlinear
equation:

+

h̄2 γ 2

where m∗ = (mw Lw + mb Lb )/l. In figure 1 we present the results of comparisons between the electron densities computed
with (16) for both Fermi–Dirac local equilibrium distribution
functions (27) and (28) for the three experimentally grown
superlattices (their characteristics are given in table A.2,
at T = 300 K). Next, we provide a detailed analysis of
dispersion relations for these superlattices that cover a range
of experimentally grown SSLs.

, (24)

(25)

5
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Figure 2. Four lowest miniband energies versus the radius of the GaAs/AlAs nanowire superlattice at k = 0. We chose the following
parameters: mw = 0.0665m0 , mb = 0.15m0 , Vb = 0.982 eV. Miniband energies are determined by using the condition Jl̃ (qR0 ) = 0 (see
details in the text).

Figure 3. Dispersion relation for the lowest miniband: energy versus k for the GaAs/AlAs nanowire superlattice. Inset: dispersion relation
for the four lower minibands. The radii of the nanowires are R = 17 nm (a), which corresponds to the miniband width 16 meV; R = 11 nm
(b), which corresponds to the miniband width 43 meV, and R = 8.2 nm (c), which corresponds to the miniband width 72 meV (see
table A.2). Solid lines show the data from the trigonometric interpolation, which is in excellent agreement with the data obtained from the
G.K–P method.

three cases of SSLs considered above. Here we use also
the boundary condition for the radial equation Jl̃ (qR0 ) = 0
(e.g., qR0 = 0.240 48 for the first zero of J0 , qR0 = 3.8317
for the first zero of J1 , and similarly for the third and
fourth minibands). The wave numbers in the barrier and
well are defined in (24)–(25). Note that, given the miniband
width, it is straightforward to determine the radius of the
corresponding SSL (see inserts of figure 3). In figure 3 the
dispersion relations, obtained by the G.K–P methodology,
are given for our three cases. They are compared with the
simple ‘tight-binding’ approximations (see (19)). The curves
corresponding to the dispersion relations, obtained with the
trigonometric interpolation (29), are also given.
The developed methodology allows us to find the radii
of the nanowire superlattices that have the same miniband
widths as those in the experiments of [37]. The G.K–P
model approximates a SSL with a given number of periods
by calculating the minibands of a SSL with infinitely
many periods. We can compare the results produced by the
G.K–P approximation with the complete quantum mechanical
solution of the Schrödinger equation that determines the
spectra of the corresponding superlattices with finitely many
quantum wells:




1 ∂χl̃
h̄2 ∂
r ∂χl̃
h̄2 ∂
−
−
2 ∂z m(z, r) ∂z
2r ∂r m(z, r) ∂r

As mentioned in section 1, both weakly and strongly
coupled superlattices are of substantial practical interest.
Based on [37], we consider three representative examples of
experimentally grown GaAs/AlAs SSLs (see corresponding
rows 1, 3, and 6 in table 1 of [37]):
• SSL 1: Lb = 1.96 nm, Lw = 3.1 nm with 1 = 16 meV;
• SSL 2: Lb = 0.87 nm, Lw = 5.13 nm with 1 = 43 meV;
• SSL 3: Lb = 0.93 nm, Lw = 3.64 nm with 1 = 72 meV.
SSL 1 is closer to the case of weakly coupled
superlattices, while SSL 2 and SSL 3 correspond to the
case of strongly coupled superlattices. Further details on the
characteristics of these superlattices are given in table A.2 of
the appendix.
The data obtained numerically from the application of
the G.K–P methodology have been interpolated and the
dispersion relation has been presented by the following
trigonometric series:
E(k) = 12 a0 +

m
X
[aj cos(jkl) + bj sin(jkl)],

(29)

j=1

where l = Lb + Lw and the coefficients aj and bj used in the
approximations for all three superlattices are summarized in
the appendix in tables A.3–A.5, respectively.
Based on model (23) solved for k = 0, in figure 2 we
present four lowest miniband energies as functions of the
radius of GaAs/AlAs superlattices that correspond to the

+
6

h̄2
l̃2
χ (r, z) + V(z, r)χl̃ (r, z) = Eχl̃ (r, z). (30)
2m(z, r) r2 l̃
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Figure 4. Ground and first excited state of the wave function of electrons in a symmetric AlAs/GaAs superlattices nanostructure (with the
number of periods 109, R = 17 nm and l̃ = 0). Eigenvalues for the ground and first excited states are E1 = 0.204 249 eV and
E2 = 0.204 258 eV. The vertical and horizontal axes represent the nanowire SSL longitudinal and radial distance, respectively.

Figure 5. Formation of minibands in GaAs/AlAs superlattices: eigenvalues versus the number of superlattice periods. The discrete energy
states converge to the continuum spectrum as the number of periods becomes sufficiently large.

Here both the potential and the effective mass can be a
function of both z and r and where 9(r, φ, z) = 8(φ)χl̃ (r, z).
Such solutions are obtained with the finite element method,
and a representative example is given in figure 4. Both
the ground state and the first excited state energies are
presented for the case that corresponds to SSL 1. Finally, in
figure 5 we present the formation of the miniband structure
in this superlattice as we increase the number of periods to
demonstrate the convergence to the continuum situation that
would allow us to proceed next to the semiclassical part of the
model.

Our focus is on the solution (13)–(17) for the case of
the three different superlattices considered in section 3. In
what follows, we have used the numerical parameters given
in table A.2, corresponding to the superlattices SSL 1, SSL 2,
and SSL 3, providing a good representative sampling range of
experimentally grown superlattices.
The kinetic part of the model (13)–(17) has been solved
by an implicit finite difference scheme, with the following
initial conditions:
f (x, k, 0) = f (0) (x, k, 0)

(31)

F(x, 0) = Vbias /L

4. Results and discussion

(32)

and the following Ohmic boundary conditions at the contacts:
at x = 0:

Having determined the quantum mechanical input for the
kinetic model, we are moving to the numerical solution
of system (13)–(17). In recent years, several groups have
been attempting to solve the Wigner–Poisson system directly
(e.g., [50] and references therein). However, in most cases,
such approaches have been using heuristic information for the
quantum mechanical part.

f

+

2π h̄σ F
−R
=
e1

f (0)
π
l

0

0

Z

− πl

v(k)f (0) dk

v(k)f − dk,

(33)

at x = L:
f

−

2π f (0)

= R0
l −π
l

7

l
ND −
2π
f (0) dk

Z
0

π
l

!
f dk ,
+

(34)
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Figure 6. (a) Current density versus time during self-sustained current oscillations for the 72 meV superlattice. (b) Fully developed dipole
wave moving from the cathode to the anode during self-sustained current oscillations. (c) and (d) Same as (a) for the 16 meV and 43 meV
superlattices, respectively. The solid line indicates that the finite radius effects are taken into account. The dashed line represents that the
dispersion relation is computed with the Kronig–Penney model for an infinite superlattice. The initial transients are not shown for clarity. To
transform the magnitudes in this figure to dimensional units, use table A.2.

where Vbias is the constant applied voltage bias, σ is the
contact conductivity, f ± means f (x, k, t) for sign(k) = ±1 and
f (0) is the leading order approximation for the distribution
function in the Chapman–Enskog expansion, e.g. f (0) is the
solution of (13) when we drop the x and t derivatives of f . We
also need the constant voltage bias condition:
Z L
F(x, t) dx = Vbias .
(35)

current. In all cases, these oscillations are due to the periodic
motion and recycling of charge dipole waves, as shown in
figure 6(b). Table 1 compares the frequency and current
density amplitude of nanowire superlattices with finite radii
to those having infinite radii. We have estimated the elastic
(1.2 × 1013 s−1 ) and inelastic (1.32 × 1013 s−1 ) scattering
rates by comparing numerical simulations of the model to
the available frequencies from experiments [37]. To calibrate
the electron velocity of a drift-diffusion model for a SSL
with tight-binding dispersion relation is simpler because one
can use a well-known formula for the peak velocity [37].
An alternative way to estimate the scattering times is by
using Monte Carlo simulations to calculate the superlattice
current–voltage characteristics and infer the scattering times
from the peak velocity formula [11]. For the 16 and 72 meV
superlattices we have found that the frequency of the current
oscillations is closer to the experimental value [37] when the
finite radius effects are considered. However, for the 43 meV
superlattice, the frequency of the oscillations is closer to
the experimental value when the radial effects are not taken
into account. This particular superlattice has a larger doping
density, which yields a larger electron density when the

0

In figure 6 and table 1 we summarize our findings. We
have compared the results obtained with our kinetic model,
which takes into account quantum mechanical effects and
a finite superlattice radius, and the results obtained using
the conventional approximation of the dispersion relation
based on the standard Kronig–Penney model for an infinite
superlattice. While in the latter case the transversal effects
are neglected (f FD is (28)) and the ‘tight-binding’ dispersion
relation (19) is used, in the former case we use the refined
approximations (29) and (27) that couple the kinetic and
quantum mechanical parts of the model.
For appropriate values of the voltage Vbias there are
solutions having the form of self-sustained oscillations of the
8
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Table 1. Oscillation frequencies and amplitudes of the total current density obtained (a) with the coupled model including a finite radius,
and (b) with the conventional kinetic model for a superlattice with infinite radius. The results are presented for the nanowire superlattices
SSL 1, SSL 2, and SSL 3 with all parameters given in table A.2.
Current density amplitude (104 A cm−2 )

Frequency (GHz)
1 (meV)

Radial effects

Infinite SL

Radial effects

Infinite SL

16
43
72

2.36
10.5
53.4

3
16
43.2

0.15
1.5
1.6

0.20
1.4
2.2

dipole wave reaches the receiving contact. When the electron
density increases, the velocity of the dipole wave decreases,
producing a lower frequency of the oscillations. Our results
are comparable to those obtained by Schomburg et al [37]
using a simpler drift-diffusion model for SSL with an infinite
cross section. However, when predicting the frequency of
a similar superlattice with a 140 meV miniband width [4],
our model for a SSL with infinite cross section predicts a
frequency of 68 GHz, which is much closer to observations
(70 GHz) than the estimation (∼125 GHz) found using the
linear interpolation in figure 4 of [37].

conventional Boltzmann–Poisson system that is obtained from
the general time-dependent Schrödinger–Poisson model via
the Wigner approach. Collisions include a simplified version
of the Bhatnagar–Gross–Krook relaxation-time model and a
one-dimensional impurity collision term. The second part of
the model is based on the Ben-Daniel–Duke form of the
Schrödinger equation. The coupling between these two parts
of the model is realized via the Fermi–Dirac distribution. The
resulting model uses the dispersion relation obtained from the
generalized Kronig–Penney method, and allows us to estimate
radii of superlattices that have the same miniband widths
as those used in experiments. The model has been solved
numerically and results have been presented for a range of
experimentally grown superlattices. Differences, induced by
the finite radius effects, have been discussed in the context
of self-sustained coherent oscillations of the current in such
superlattices.

5. Conclusions
In this paper we have developed a kinetic model for
the analysis of semiconductor superlattices, accounting
for quantum effects. The first part of the model is the

Acknowledgments

Table A.1. Minimum number of zeros of the Bessel function
necessary for the convergence of the series in (27), calculated as a
h̄2
function of the nondimensional parameter
, corresponding
2

This work was supported by NSERC and CRC (Canada) and
by MICINN Grant Nos FIS2008-04921-C02-01 and FIS201128838-C02-01 (Spain). This work was made possible by
the facilities of the Canadian Shared Hierarchical Academic
Research Computing Network (SHARCNET).

2mw R0 kB T

to the nanowire superlattices SSL 1, SSL 2, and SSL 3, respectively.
h̄2
2mw R20 kB T

0.5
0.3
0.1
0.05
0.01

16 meV
mn

43 meV
mn

72 meV
mn

4
9
25
64
324

9
16
49
100
576

4
9
36
64
400

Appendix
See tables A.1–A.5

Table A.2. Parameters used for the numerical solution of the drift-diffusion equations for the nanowire superlattices in row 1, 3 and 6
of [37].
1
(meV)

Lw
(nm)

Lb
(nm)

Length
(µm)

ND
(1017 cm−3 )

σ
(( m)−1 )

Vbias
(V)

FM
(kV cm−1 )

t0
(ps)

J0
(104 A cm−2 )

16
43
72

3.1
5.13
3.64

1.96
0.87
0.93

0.55
0.60
0.64

0.8
1.4
1.0

14
50
90

1.51
1.14
1.58

22.6
19.1
25.1

6.3
0.39
0.37

0.41
5.58
7.7

Table A.3. Coefficients for the trigonometric interpolation for the nanowire superlattice SSL 1: Lb = 1.96 nm and Lw = 3.1 nm.
aj (meV)
a0
a1
a2
a3

= 16.2873
= −8.2888
= 0.1492
= −0.0042

bj (10−16 meV)

aj (meV)

—
b1 = 0
b2 = −0.3648
b3 = −0.1027

a4
a5
a6
a7

9

= 0.0002
= −0.0004
= −0.0002
= 0.0005

bj (10−16 meV)
b4
b5
b6
b7

= 0.0344
= 0.0489
= 0.0914
= 0.0609
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Table A.4. Coefficients for the trigonometric interpolation for the nanowire superlattice SSL 2: Lb = 0.87 nm and Lw = 5.13 nm.
aj (meV)
a0
a1
a2
a3

= 40.8898
= −21.8458
= 1.5610
= −0.1826

bj (10−15 meV)

aj (meV)

bj (10−15 meV)

—
b1 = 0
b2 = −0.1516
b3 = −0.0093

a4 = 0.0258
a5 = −0.0042
a6 = 0.0009
—

b4 = 0.0329
b5 = −0.0154
b6 = −0.0616
—

Table A.5. Coefficients for the trigonometric interpolation for the nanowire superlattice SSL 3: Lb = 0.93 nm and Lw = 3.64 nm.
aj (meV)
a0
a1
a2
a3

= 70.7068
= −38.1334
= 3.2021
= −0.5304

bj (10−15 meV)

aj (meV)

—
b1 = 0
b2 = −0.2660
b3 = 0.2838

a4
a5
a6
a7
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= 0.1581
= −0.0880
= 0.0909
= −0.0526

bj (10−15 meV)
b4
b5
b6
b7

= −0.0109
= −0.1460
= 0.1281
= −0.2232
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