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Abstract

Magnetic shape memory alloys (MSMA ) are materials with strong nonlinearity, which will show hysteresis when it works.
In the current paper, a differential model is proposed to describe the hysteresis in MSMAs caused by magnetic field induced
martensite reorientation based on Landau theory of phase transitions. First, the three-dimensional model is simplified into
a one-dimensional case, and the hysteresis in MSMAs is described by three martensite variant orientations. Then, a tradi-
tional Landau free energy is introduced, and the traditional Landau model is obtained by using the Euler-Lagrange equation.
However, it is found that the prediction accuracy of the model is not ideal compared with the experimental data. Thus, an
improved model is proposed, and the traditional Landau free energy is replaced by a function that can be determined by the
easily measured physical quantities in the experimental curve. Numerical experiments show that the prediction effect of the
improved model is much better than the traditional Landau model, and the stress dependence is also demonstrated. Moreover,
the proposed improved model has the advantages for dynamic analysis and control with its differential form. Therefore, the
frequency dependence of the improved model is demonstrated and a feedback linearization control methodology is proposed
to make the system develops in the desired trajectory.

Keywords Magnetic shape memory alloy - Hysteresis dynamics - Differential equations - Martensite reorientation -
Feedback linearization

1 Introduction variants, and each has two possible magnetization orienta-

tions as the arrows indicate. In martensite variants, a refers

As a new type of promising smart material, magnetic shape
memory alloys (MSMAs), generally named ferromagnetic
shape memory alloys (FSMAs), were found in 1996 [1-4].
Compared with the traditional smart materials, such as
piezoelectric materials and shape memory alloys (SMAs),
MSMAs have better performance. For example, the mag-
netic field induced strain (MFIS) in MSMAS can be reached
as much as 10%, and it is reversible [5, 6]. In typical MSMA
materials, such as NiMnGa, there are mainly two phases:
cubic austenite and tetragonal twin martensite variants, as
shown in Fig. 1 [7]. There are three possible martensite
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to the long edges, and c refers to the short one. Note that the
¢ axis is the magnetic easy axis which means that the mar-
tensitic variants are preferred to be magnetized [7]. Similar
to other smart materials, MSMAs also have strong nonlin-
earity which is mainly caused by martensite reorientation.
The reorientation of the martensite variants can be induced
by the magnetic and mechanical fields [7-13].

There are mainly three applications of MSMAs. The first
case is the temperature-induced phase transition of MSMAs
[10, 11]. At high temperature (above Curie temperature), the
MSMA is in a cubic austenite phase. When the temperature
is cooled to a lower temperature, phase transition will be
induced, and the austenite phase will transfer to the twin
martensite phase. In this process, the strain will change, thus
there can be displacement output [5]. However, as the tem-
perature is hard to control, the application of temperature-
induced MSMA phase transition is rare, which is similar to
SMA.
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Fig.1 Crystal structure of austenite and martensite variants in
MSMA

The second case is the magnetic field induced martensite
reorientation in MSMAs. Below the Curie temperature, only
twin martensites exist in MSMAs as shown in Fig. 1. With
the application of magnetic field, the magnetic easy axis (¢
axis) will turn to the magnetic field direction. In this pro-
cess, the magnetic field induced strain (MFIS) can reach
as much as 10% [5, 6, 10]. The direction of elongation is
perpendicular to the magnetic field because ¢ axis is the
short edge. MSMA actuator is based on this principle and
can achieve large output. At the same time, due to the small
size of MSMASs (mm level), this kind of actuator has a wide
application prospect in many fields such as micro-robot.

The last case is to use stress or strain induced martensite
reorientation in MSMAs [6, 8, 13—15], which is very similar
to ferroelectric materials [16, 17]. The induced martensite
reorientation will cause the change of the magnetization
along the long axis (@ axis). A pickup coil is around the
MSMA specimen. According to Faraday’s law of induction,
there will be induced voltage in the coil [7]. Then the gen-
erated electric energy can be dissipated or harvested by an
external circuit, which is similar to the piezoelectric shunt
damping technique [18]. According to this principle, MSMA
can be used for energy dissipation or energy harvesting.
Therefore, MSMAs can be used for acoustic wave absorp-
tion, vibration attenuation and power supply of low-powered
electrical appliances with a very broad application prospect.

From the above, it can be seen that MSMA is one of
the most promising smart materials. Thus, it is necessary
to establish its constitutive model and make it convenient
to control in engineering applications. Many constitutive
models of MSMAs have been proposed so far [7, 11-14,
19-22]. A thermodynamically phenomenological con-
stitutive model was proposed by B. Kiefer in 2005 [11].
By using the state variables, the magnetic shape memory
effect (MSME) caused by martensite reorientation could be
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modeled. Magnetocrystalline anisotropy energy and Zeeman
energy are introduced to describe the magnetism contribu-
tion to free energy. Besides, the MSMA was modeled to
describe its magneto-mechanical property by using the vari-
ational approach [19]. The constitutive form for the effective
magnetization vector was proposed based on experimental
results. Considering the energy dissipations during the mar-
tensite reorientation process, the total energy functional
in the magneto-mechanical system was constructed. This
model was confirmed to capture the features of experimental
curves successfully. Moreover, a framework was presented
to describe the frequency-dependent energy harvesting with
MSMAs by Sayyaadi [20]. The reorientation-induced strain
was defined by the hyperbolic hardening function, and the
dynamic effects were considered by using the diffusion
equation. Finally, it was found that energy harvesting was
mainly determined by dynamic effects, particularly in high
frequency. Rui et al. [21] used the Krasnosel’skii-Pokrovskii
(KP) model, in which the Elman neural network was used
to determine the density function, to describe the hysteresis
characteristics of MSMA actuator. The results show that the
error of KP model identified by Elman neural network is
much smaller than that of using the recursive least square
method, which demonstrates the effectiveness of the pro-
posed model. Zhou [22] investigated the characteristics of
hysteresis behavior under different input signals in MSMA.
A rate-dependent hysteresis model was constructed by using
NARMAX model based on the diagonal recurrent neural
network (DRNN), and the play operator was adopted as
the exogenous variable function of the NARMAX model.
Finally, excellent modeling performance was shown by com-
paring with experimental results.

Several models above are representative and meaning-
ful, but there are still some drawbacks, such as expensive
computation and low efficiency. For example, the model in
Ref. [11] is in a partial differential equation (PDE) form,
which is relatively complex and needs more computational
cost than the ordinary differential equation (ODE) model.
And it is still a great challenge to build a model that takes
both accuracy and efficiency into account. Due to the simi-
lar mechanism of hysteresis, Landau theory of phase transi-
tion has been widely used in ferroelectric and ferromagnetic
materials [23-30]. A differential model for modeling the
hysteresis in ferromagnetic materials has been proposed by
our research team [24]. This model can describe the mag-
netization orientation switching well by using a phenomeno-
logical theory, which is based on the Landau theory of phase
transition. The hysteretic dynamics of the switching process
are accurately captured. However, in the application of fer-
romagnetic materials, especially in MSMAs, the coupling
of magnetic and stress fields usually needs to be considered,
which is not mentioned in the previous model. Therefore,
in the current paper, based on the single crystal model in
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Ref. [24], we introduce the stress term and establish a model
which can be used to describe the stress related character-
istics of MSMA. An ordinary differential equation (ODE)
model of MSMAs is proposed based on the Landau theory
of phase transitions, and the hysteretic dynamics in MSMAs
are associated with the martensite reorientation dynamics.
Then, we improved the traditional Landau model and pro-
posed an improved model, which has higher accuracy. At
the same time, the stress and frequency dependence of the
model are demonstrated, which are very important in the
application of MSMAs. For the ordinary differential equa-
tion (ODE) form, our model has the advantages of simple
form, high efficiency and low computational cost. Moreover,
a feedback linearization methodology is proposed to elimi-
nate the hysteresis in the model. The paper is organized as
follows. In Sect. 2, a traditional Landau model is proposed.
Then this model is revised to form an improved model in
Sect. 3 to improve the accuracy, and the stress dependence
is demonstrated. Moreover, the frequency dependence of the
improved model is demonstrated in Sect. 4. Finally, due to
the differential form of the model, a feedback linearization
methodology is proposed to ensure the system outputs fol-
low the desired trajectory in Sect. 5.

2 Traditional Landau model and validation
2.1 Reduced structure and Landau theory

In most cases, the shape of MSMAs is a rod, and the
direction of applied magnetic field is perpendicular to the
expected strain output direction [2, 6, 11, 12]. Only the most
commonly observed martensite variants are considered.
Therefore, considering the efficiency and its application in
engineering, the three-dimensional crystal structure of mar-
tensite variants is reduced as a one-dimensional analog as
shown in Fig. 2, in which Fig. 7.2 in Ref. [2] is used as a ref-
erence. As shown in Fig. 2, there are three martensite vari-
ants exist: V3, V; and V; . A typical magnetic field induced
variants reorientation of MSMAs can be described as shown
in Fig. 2. Initially, suitable biased compress stress (o,,) is
applied along the length of the MSMA specimen to make it
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Fig.2 Schematic of the magnetic field induced variants reorientations
in one-dimensional
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Fig.3 Constructed Landau free energy function

in a single variant configuration (V) [2]. Then decrease the
stress to the desired level to preserve that configuration and
keep it constant for the following experiment. Next, with a
sufficiently large magnetic field H, in the [010]-direction
(H,1) applied to the MSMA specimen, V; flips to the V2+
since the magnetic easy axis (c axis) is favored in this direc-
tion of the H, and there will be a large strain output in the
x-axis direction [31]. When the direction of H, is reversed
(H,]), V. will flip back to V,. When H| increases further in
this direction (H,]), V; will flip to V. Reducing the H,, V;
returns to the initial V| with the application of ¢ .. The above
is a simplified case of typical martensite reorientation. It can
be seen that the simplified quasi one-dimensional model can
well describe this process by using these three martensite
variants. For more details of the process of the martensite
reorientation, interested readers can refer to Ref. [2, 10, 11,
14].

Then according to the Landau theory of phase transi-
tions [23, 31], the various magnetization orientations and
martensite reorientations can be characterized by the Lan-
dau free energy function. This function needs to be non-
convex and has multiple local minima. And each minimum
corresponds to one magnetization orientation. In this sec-
tion, M is chosen as the order parameter, and the Landau
free energy function is constructed as shown below:

A A A
= 2ZM + 2M* + LMo, 6]

d’“z 4 6

where M is the magnetization, and A,,A,, A4 are the corre-
sponding Landau coefficients which are related to the mate-
rial properties.

By choosing proper Landau coefficients, the Landau
free energy function can be easily constructed, as shown
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in Fig. 3. It can be seen that the prior requirements are
satisfied by this function. This curve forms three wells
around the minima that correspond to the three proposed
martensite variants in Fig. 2. If the MSMA firstly in V;
state, it will need enough energy to overcome the energy
barrier to reorient to V; and further to V.

2.2 Macroscopic differential model

For the reduced one-dimensional analog, the Helmholtz
free energy w(M, €) can be constructed as following for the
MSMA:s:

B

A A
Rappty Zopgs 4 K2y EsMZ, )

w(M,e) = &Mz +
’ 2 4 6 2

where k and f are material constants, respectively.

In the current paper, the dynamics of the system states are
considered to approach their equilibrium and therefore, the
dynamics of the martensite reorientations in MSMAs can be
modeled. The response of the system in the magnetic and
mechanical fields is described by magnetization (M) and
strain (g), respectively. In this modeling, the microstructure
caused by the martensite reorientations in the specimen is
not considered and ignored, and both M and € are assumed
to be lumped (uniform in the specimen). The system states
can be uniquely determined by specifically given values (M
and €). Therefore, the dynamic system is low-dimension,
and Lagrange’s equations can be used to describe the motion
equations.

Out of this purpose, the potential energy function V(M, €)
can be constructed combined with the Helmholtz free energy
in Eq. (2)** as:

ViM,e) =wy(M,e) — HM — o, 3)

where H and o are magnetic field intensity and stress, HM
and eo are the applied magnetic energy and mechanical
energy, respectively.

The kinetic energy can be taken as:

o= 8 o1 (%))

where I), and I, are material constant related to the general-
ized inertial effects in the magnetic and mechanical fields,
respectively.

Hence, the Lagrange function L can be constructed by
using the potential and kinetic energy as:

L=U-V 5)

Moreover, the dissipative effect in the process of mar-
tensite reorientation is also taken into consideration, and
the generalized Rayleigh dissipation function is introduced
as follows:
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= () (%))

where 7, and 7, are material constant related to the general-
ized friction in the magnetic and mechanical field, respec-
tively. It is easy to see this function is proportional to the
square of the system states’ change rate.

According to the Euler-Lagrange equation, the governing
equations of the dynamic hysteresis can be obtained by using
the following equations:

oL _ R

drop oM~ om’

doL oL _oR o
drog  oe o0& (7a-b)

Combining with the former Lagrange function, the tem-
poral evolution equations of the system can be obtained as:

d*m dM oy d’e de
— +ty—+-—=H, I.—+
Mg T T oM £ar

oy
—+-—=o.
Tar o °
(8a-b)
These two equations contain the dynamic evolution pro-
cess of the M and €, which include the relaxation and inertial
effects. Authors found that the influence of inertial effects on
hysteresis is so small that it can be safely ignored for numeri-
cal approximation. Therefore, Eq. (8) can be simplified as
the first-order form:
M _ oy de

oy
7 aM -
M4 oM

T =gt (9a-b)

It is easy to see from Eq. (9) that the total energy of the
system evolves to the minimum gradually, which is essen-
tially consistent with the time-dependent Ginzburg—Landau
theory [24, 26]. Substituting the expression of y, the govern-
ing equations of the system can be recast as:

er—M +AM + AM? + AM® + feM — H = 0,
a (10a-b)
T de + ke + b—Mz -0=0
“dr 2 ’
where 7, and 7, represent the time constants of relaxation
effect in the hysteresis process. The model presented above
is expressed as two coupled nonlinear ordinary differential
equations. The mechanical and magnetic fields are coupled
intrinsically in the above model. Since the governing model
is based on differential equations, it has great potential in
many aspects, such as engineering control and energy har-
vesting [6, 13].

2.3 Model validation and discussions
To demonstrate that the proposed model can describe

the hysteretic dynamics in the martensite reorienta-
tion process, the experiment results of 307 K in Ref. [9]
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is adopted to validate the model. The MSMA specimen
is Niyg,Mn,g ,Ga,, , single crystal. Compress stress of
1 MPa and a slowly changing external magnetic field vary-
ing between —1.15 and 1.15 T are applied to the specimen,
which are perpendicular to each other. A relative magnetiza-
tion is adopted as the ratio of the measured and the satura-
tion magnetization, thus the unit of the magnetization in the
experiment is 1.

In the numerical experiment, the applied magnetic field
is assumed to vary linearly with the frequency f, = 0.01 Hz,
and the units of the parameters are ignored. To be consistent
with the experiment, Eq. (10a) is recast as:

T’”d_At/[ +a,M + a,M? + agM® + beM — puyH =0, (11)
where 7, = ugTy, Ay = HoA,, a4 = HoAy, ag = HeAe and
b = pyp. The parameters of the model are identified accord-
ing to the experiment results, and the least square approxi-
mation method is used. Thus, the parameter identification
problem can be transformed into a nonlinear least square
optimization problem, and the goal function is adopted as:

N o 2
minG(1n1,rE,a2,a4,a6,b,k) = Z [(Mk —Mk) + <6k - 6k> ]
k=1

12)

In this equation, M, are g, are the predicted values at
kth time instant, respectively, while M, and &, are the
experimental counterparts. And 1y, 7., a,, a4, ae, b, k are
the parameters needed to identify. In the above nonlinear
optimization problems, the system is a nonlinear-evolution
system, and the objective function G represents the global
closeness, thus it is not applicable to use the gradient-based
search methods. Considering this fact, the Nelder—-Mead
method [32] is used in this paper, which is a commonly used
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method for optimization problems lack gradient informa-
tion of the goal function. The final optimized parameters
are 7,, =0.1,7, =0.001,a, = 1.23,a, = —10.29, a, = 3.96,
b =1,k = —0.096, and the model predictions and the experi-
mental data are plotted in Fig. 4.

The RMS errors of the yyH — M and pyH — € between
the traditional Landau model and the experimental data are
calculated as 0.11 and 0.49, respectively. It can be seen that
the model can roughly capture the hysteretic dynamics trend
of the experiment, but the result is not ideal. Therefore, we
will revise the traditional model to improve its accuracy in
the next section.

3 Improved model and validation
3.1 Improved differential model

As mentioned above, although the traditional Landau
governing equations can simulate the hysteresis loops of
MSMAEs in principle, it is still not satisfactory and there
is considerable room for improvement in the accuracy of
the model. Therefore, in this section, the constitutive rela-
tion derived from Landau free energy function is improved,
and the part (a,M + a,M> + agM?) derived from the tra-
ditional Landau free energy is replaced by a new function
¢, (M), which will be determined next. Thus, the differential
Eq. (11) is improved as:

dM
TME+¢L(M)+b8M—MOH=O, (13)
Referring to Sect. 2, it is found that 7, is much smaller

than 7,,, which means the relaxation effect of the mechanical
field in the hysteresis process is much smaller than that of

----- Experimental Data
6 || — Traditional Landau Model

strain(%)
w
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Fig.4 Comparison of the model predictions using the traditional Landau model with the experimental data [9]. a yoH — M; b yyH — €
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the magnetic field. Thus, 7, is set to O for numerical approxi-
mation. Consequently, Eq. (10b) can be written as:

2
k£+%—a=0. (14)

Combining Egs. (13) and (14), it can be obtained as:

dM
TME +F(M)—MOH=O, (15)
where
2
FM) = ¢, (M) - %M3 + %M. (16)

Equation (15) is a first-order differential equation describ-
ing the pyH — M relation, where F (M) contains the effect of
stress. In this section, F(M) is adopted as a piecewise spline
function constructed by parameters correlated with physical
attributes of experiment results, and the threshold values
are introduced according to Ref. [11] as shown in Fig. 5.
o H* Y2, 1y 'Y and o H*? correspond to the threshold
values of the magnetic field in the forward (V,— V; ) and
reverse process (V7 — V), respectively, while M*!?) and
M*@D are the corresponding magnetization values. The sym-
bols s and f, respectively, correspond to start and finish.
Moreover, p,H™™ denotes the maximum value of applied
magnetic field, and M** is the saturation magnetization. The
above values can be easily obtained from the hysteresis loop.

It can be seen from Fig. 5 that the curve of the yyH — M is
nearly symmetrical about the origin. According to Ref. [10],
the hysteresis curves usually show asymmetry in the first
cycle, but they will keep symmetry after the second cycle. It
is worth noting that the experimental data point selected in

15
i H'H'Z} MSaE)
o i
1 s(2,1) pgs(2.1) e p————
(“OH M ) \»_.// (ponax!Msal)
‘.
0.5 ‘
g (. Ho1:2) pyet1.2))
g D i
£ 00)
= 0
{
-0.5 |
|
’__/,.!
1 TR 27T -
experimental results
F(M)
threshold values
1.5
-1.5 -1 -0.5 0 05 1 15
HoH(T)

Fig.5 Determination of the constitutive relation of F(M)
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this paper is the first cycle, so it will show a slight asymme-
try. The proposed model is mainly used to describe the stable
working state (after the second cycle) of materials. Thus, in
the current paper, F(M) is assumed as an odd function to
make the pyH — M curve symmetrical about the origin. If it
is not an odd function, the curve presented will not be sym-
metric about the origin, which will increase the complexity
and error of the model. Therefore, only the parameters larger
than O are needed to be determined. With the help of the
threshold values, the constitutive relation of the F(M) can be
obtained by using the cubic Hermite interpolation method.
It is easy to see that F(M) is non-convex, and bifurcations
will be induced in the nonlinear dynamics leading to the
hysteretic behavior [33]. After obtaining the expression of
F(M), ¢, (M) can be easily determined using Eq. (16) where
the values of b, k are the same as that in Sect. 2.3, and o is
adopted as MPa. Above all, the improved differential model
is composed of Egs. (13) and (10b).

3.2 Model validation and discussions

To illustrate the superiority of the improved model, the hys-
teretic dynamic loops under 1 MPa is simulated as shown in
Fig. 6a, b, in which the parameter values are taken from Ref.
[9] as shown in Fig. 5. The experimental data are the same
as in the previous section, and the Jiong et al. model in Ref.
[34] is used for comparison.

It is clear that the effect of using the improved model
is much better than that of the traditional model, espe-
cially in the yyH — M curve. And the RMS errors of the
improved model and Jiong et al. model compared with the
experimental data are calculated, respectively. In p,H — M
curve, the RMS errors of the improved model and the Jiong
et al. model are calculated as 0.050 and 0.10, respectively.
And the corresponding RMS errors in yyH — € are 0.44
and 1.18, respectively. Therefore, it can be seen that the
improved model is more accurate in this case. Then, change
the applied stress to 0.8 MPa, and the prediction results
of the improved model and Jiong et al. model are shown
in Fig. 6¢, d. As mentioned at the end of Sect. 3.1, since
the experimental data are obtained in the first cycle, some
curves will show asymmetry, especially in the low stress
condition (0.8 MPa). And there will be a residual strain, but
since the second cycle, the curve will become symmetrical
[10]. In uyH — M curve, the corresponding RMS errors are
calculated as 0.058 and 0.092, respectively. And the cor-
responding RMS errors are, respectively, calculated as 0.98
and 0.79 in uyH — € curve. Therefore, it can be seen that this
model can achieve high accuracy in magnetization predic-
tion, but there are still shortcomings in strain prediction.
All in all, it is undeniable that the improved model is gen-
erally satisfactory with a simple form and low calculation
cost, which is very important in the engineering application.
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Fig.6 Comparison of the model predictions using the improved model with Jiong et al. model [34] and experimental data [9]. a y,H — M in
1 MPa; b yyH — € in 1 MPa; ¢ yyH — M in 0.8 MPa; d yyH — € in 0.8 MPa

Some inaccuracies in the model predictions can be rectified
by other compensation algorithms afterward, which will be
researched in our future works.

4 Frequency dependence

Compared with the static model, the frequency dependence
of this dynamic model is inherently incorporated due to its
differential nature, and the load (uyH) is included in the
formula of the model. Thus, the output of the system will
be affected by the load change rate. Taking the improved
model as an example, the bias stress is 1 MPa, and other
parameters are the same as those in Sect. 3.2, changing the
frequency to f,/2 and 2f,, (f;, = 0.01 Hz), respectively. And
the model predictions of the hysteresis curves are obtained
as shown in Fig. 7.

It can be seen that with the increasing frequency, the
curves become fatter and fatter, which is consistent with the
trend of experiment results in Refs. [35, 36]. And when the

frequency is 2f and H is 0, the value of ¢ is not zero. The
main reason is that the frequency of the magnetic field is
too high, and martensite variants do not have enough time
to reorient. Thus there is a part of residual strain, which is
similar to that of ferroelectric materials [17, 37, 38]. There-
fore, it is necessary to have a part of the magnetic field to
make the strain decrease to zero first, which is similar to
the coercive field in ferroelectric materials. When the p,H
exceeds the coercive field, the strain value will jump as it
continues to increase. Therefore, the curve will become fat-
ter and fatter with the increasing frequency, and the pro-
posed model can demonstrate the frequency dependence of
MSMA commendably.

In order to further prove the frequency dependence of the
model, we selected the model and the experimental data in
Ref. [36] for comparison. The magnetic field (y,H) varies
between — 1.2 and 1.2 T in the sinusoidal form. When the
frequency of the magnetic field is 1 Hz, the model prediction
of the improved model and Ronald et al. model in Ref. [36]
are shown in Fig. 8a. And the RMS errors of the improved

@ Springer
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Fig.8 Comparison of the model predictions using the improved model with Ronald et al. model [36] and experimental data [36]. a yyH — ¢ in

1Hz; b yyH —ein 2 Hz

model and the Ronald et al. model compared with the exper-
imental data are calculated as 0.24 and 0.61, respectively.
Then, change the frequency of the magnetic field to 2 Hz to
get the predictions of the two models, as shown in Fig. 8b.
Besides, the RMS errors of the improved model and the
Ronald et al. model are calculated as 0.21 and 0.54, respec-
tively. Therefore, the frequency dependence of the model is
further validated.

5 Feedback linearization and validation
5.1 Feedback methodology

Because the theories for the system described by linear ordi-
nary differential equations in dynamics analysis and controller

@ Springer

design are well developed, using a specific linear system to
approximate or associate the hysteresis dynamics is an impor-
tant way to deal with the control difficulties in our system in
engineering applications [39]. Since the bifurcation problems
caused by the nonlinearity in dynamic systems are needed to
deal with, the traditional method of using Taylor expansion to
approximate the nonlinear systems is not feasible here [40].

In this section, an approach based on the nonlinear feedback
method is used to compensate for the initial system hyster-
esis, and consequently, the system is linearized effectively. The
essence of this feedback linearization is that nonlinear feed-
back consisted of the system states is introduced to compensate
the initial nonlinear part.

Take the improved model as an example, first, the differen-
tial model is recast into the following state space:
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x =1x)+nx)+u,

18
x = [ZEW]""-: [gm SE]’l(x): [8 gk]x,n(x)=_[¢L(M)+b6M],u= [”OH]‘ (18)

bM? /2

(o2

It is obvious that the state space consisted of two sepa-
rated parts: linear (I(x)) and nonlinear (n(x)) part. The basic
principle of feedback linearization is to transform the origi-
nal system into a linear system by eliminating its nonlinear
part [41]. For linearization, the new input of the feedback
linearization system is chosen as v = [yOH”(t), an(t)]T.
Therefore, the input of the initial stem is assumed to be
composed as [41]:

u=KyM,e)+ v,

Ky(M. &) = 7, — n(x) = [afm 0 ] [16‘4] . [¢L(M) + beM

-1, +k bM? /2
19)
where Ky (M, €) is responsible for the nonlinear feedback as
mentioned above. It is worth noting that K (M, €) contains
the opposite sign of the nonlinear part of the original sys-
tem. The corresponding control block diagram of system
feedback linearization is shown in Fig. 9a. The dotted line
represents the feedback part.
Obviously, the hysteresis dynamics in the initial system
is naturally eliminated, and in this way, the system can be
transformed into a linear system for the new input v:

X = Ax + By,

-7, 0 |7, 0 20)
A_[O _TE]’B_[O TE]’

which can be recast as two decoupled equations:

dM

de
o5 = MtuH, o =-eto,

m (21a-b)

The corresponding control block diagram of the lin-
earization system is shown in Fig. 9b. The correspondence
between the transformed linear system and the initial system
is clarified, and it is feasible to use the linear control system
analysis and design. Therefore, the corresponding input v

can be determined according to the desired state variables
(x) trajectory. Then the input of the initial hysteresis system
can be obtained by Eqgs. (19) and (21) directly. Hence, it
can be seen that the hysteresis in the control system can be
overcome by using the proposed method. Undoubtedly, the
success of the proposed methodology is mainly due to the
differential form of our model.

5.2 Validation and discussion

In this section, a numerical experiment is presented to
demonstrate that the required input to drive the system
in the desired trajectory can be easily calculated by using
the proposed methodology. Here, we assume to drive M
linearly from —1 to 1 and then back to— 1 in one period
(fo = 0.01 Hz) at 1 MPa stress. The parameters of the model
are consistent with those in Sect. 3. For simplicity, we have
no requirement for £, thus the initial system model is chosen
as Eq. (15). Thus, the task is to calculate the actual input
HoH(2) for the system (Eq. (15)).

First, as mentioned above, the input 1, H(#) can be divided
into two parts:

HoH (1) = Ky(M) + K (M) puoH, (1) (22)
and Ky (M) and K; (M) can be set as follows:
Ky(M) = —,M + F(M), K, (M) = 7,, 23)
which are simplified from Eq. (19). Take the input p,H(?)
into the system (Eq. (15)) and simplify it, the linear system
is obtained as Eq. (21a) shows, consequently.

In the linear system Eq. (21a), since the expression of
the desired M is defined, and it is derivable, the dd—A;I is easy

to obtain. Thus, the expression of the new input uyH, (¢) can
be calculated easily as:

I
t I

(b)

Fig.9 Control block diagram of the system. a Feedback linearization methodology; b Corresponding linearization system

@ Springer
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" (a)

u H(T)
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t(s)

ugH(T)

0 10 20 30 40 50
t(s)

Fig. 10 Numerical  results of the inputs and  out-

puts for the system wusing feedback linearization meth-

odology. a Linear output, f;,=0.01 Hz,c =1MPa; b
dm

HoH (1) = O +M. (24)

Then the real input yyH () can be obtained using the Eqs.
(22) and (23) with the calculated p,H () consequently and
is shown in Fig. 10a. Moreover, take uyH, (f) into the origi-
nal system and the output M is obtained as shown in the
top right corner of Fig. 10a. It can be seen from the figure
that M satisfies the desires trajectory well, which proves the
feasibility of this method. Then, we assume that the desired
output M is sinusoidal with the same frequency as before.
The corresponding input is calculated, and it is brought
into the system to get the corresponding output, as shown
in Fig. 10b. After that, keeping other conditions consistent
with Fig. 10a, we change the input frequency to 0.02 Hz
and the applied stress to 0.8 MPa, respectively. Then. the
corresponding inputs are calculated and brought into the
system to calculate the actual output. The results are shown
in Fig. 10c, d. It can be seen from Fig. 10 that the feedback
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) ‘

H(T)

(d) T

,H(T)

0 20 40 60 80 100
t(s)

Sinusoidal output, fo=0.01 Hz,c = 1 MPa; c Lin-
ear output, f;, =002 Hz,6 =1 MPa; d Linear output,
fo =0.01 Hz,6 = 0.8 MPa.

linearization methodology can meet the needs well and get
the desired output. In addition, if the desired trajectory of M
has other forms and requirements, the input u,H(f) can be
calculated using the same method.

From the above numerical experiments, it can be seen
that the proposed methodology is effective. The traditional
method of controlling hysteresis is to find the inverse of the
model, which is very complicated [42]. In order to control
the hysteretic dynamics, we divide the input of the system
into two parts: one is the nonlinear feedback part to cancel
the original hysteretic dynamics, and the other is the input
of the corresponding linear system calculated according to
the requirements. In other words, the hysteretic part of the
original dynamics is compensated by the hysteretic behavior
introduced by the nonlinear feedback as a part of the input,
which greatly simplifies the design of the hysteretic control
system.
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6 Conclusion

In the current paper, a differential model is proposed based
on the Landau theory of phase transition to describe the
hysteresis in MSMAs. First, the three-dimensional struc-
ture is simplified into a one-dimensional model with three
martensitic orientations. A non-convex Landau free energy
function with three local minima corresponding to three
martensite orientations is constructed. On this basis, the
Lagrange and Rayleigh dissipation function of the system
are introduced. Then, according to the Euler-Lagrange equa-
tion, the traditional model is obtained and compared with the
experimental data. However, the accuracy of this model is
not ideal. Thus, an improved model is proposed to improve
the accuracy, in which the parameters are easily measured
in the experiment curve. Numerical experiments show that
the accuracy of the improved model is higher than that of
the traditional Landau model and one proposed model in
reference. Then, changing the applied stress value, it is found
that the model can still predict the corresponding hyster-
etic behavior well. Moreover, the improved model shows its
superiority in frequency dependence due to its differential
form. It successfully describes the hysteresis characteristics
of MSMA at different frequencies and has higher accuracy
than the chosen existing model. Finally, a feedback lineariza-
tion methodology is proposed by introducing a compensa-
tion term to eliminating its nonlinear part. Thus, the original
system is transformed into a linear system, and the outputs of
the system can develop in the desired trajectory. Moreover,
we change the applied stress, frequency, and the form of the
desired output, respectively. Then the corresponding inputs
are calculated and brought into the system. It is found that
the actual output can satisfy the requirements, which further
shows the superiority of that differential model.
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